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Abstract

Using fast lattice Monte Carlo (FLMC) simulations both in a canonical ensem-
ble and with Wang-Landau–Transition-Matrix sampling, we have studied a model
system of laterally homogeneous homopolymer brushes in an explicit solvent. Direct
comparisons of the simulation results with those from the corresponding lattice self-
consistent field (LSCF) theory, both of which are based on the same Hamiltonian
(thus without any parameter-fitting between them), unambiguously and quantita-
tively reveal the fluctuations and correlations in the system. We have examined in
detail how the Flory-Huggins interaction parameter χ between polymer segments
and solvent molecules and the number of grafted chains n affect both the brush
structures and thermodynamics. For our model system, the LSCF theory is exact
in the limit of χ → −∞, except that it neglects the correlations among solvent
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molecules caused by the incompressibility constraint (thus overestimating the sol-
vent entropy). At finite n and χ, the segmental density profile in the direction
perpendicular to the grafting substrate obtained from FLMC simulations is flatter
than the LSCF prediction, and the free-end density from FLMC simulations is also
lower than the LSCF prediction close to the substrate. At finite n and χ > 0, the
LSCF theory overestimates the internal energy. In addition, it underestimates the
difference in free energy but overestimates that in entropy from the reference state
in the limit of χ → −∞ at small χ ≥ 0, and the opposite occurs at larger χ. At
large n, FLMC results approach LSCF predictions at a rate of 1/n in most cases.
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1 Introduction

This is the third paper in our series of study,1,2 where fast lattice Monte Carlo (FLMC)
simulations3 are directly compared with the corresponding lattice polymer field theories
based on the same model system (Hamiltonian), thus without any parameter-fitting,
to unambiguously and quantitatively reveal the effects of fluctuations and correlations
either neglected or treated approximately in the theories. In the second paper in this
series (referred to as Paper II hereafter), we studied monodisperse, uncharged and flexible
homopolymer brushes on a planar and nonadsorbing substrate in an implicit, good
solvent.2 Here we extend that study to the case of an explicit solvent.

As explained in Paper II, in the most widely used self-consistent field (SCF) the-
ory,4 an implicit solvent is described by the second virial coefficient v (with the third
virial coefficient w also needed for a poor solvent), and an explicit solvent is described
by the Flory-Huggins χ parameter for the interactions between polymer segments and
solvent molecules along with the incompressibility constraint requiring the total volume
fraction of polymer and solvent be 1 everywhere, which includes all the higher-order
terms neglected in the theoretical treatment of an implicit solvent. As shown below, the
incompressibility constraint may limit the allowed chain conformations in a brush, which
makes such cases more difficult to analyze. It also leads to correlations among solvent
molecules; SCF theory neglects such correlations, thus overestimating the entropy of
solvent molecules. We refer readers to the Introduction of Paper II for an overview of
some previous SCF studies on the brushes in an explicit solvent.5–22

The meaning of implicit/explicit solvent is somewhat different in molecular simula-
tions. The vacancies (unoccupied lattice sites) in conventional lattice Monte Carlo (MC)
simulations of the brushes9,23–31 can be considered as an explicit solvent due to the self-
and mutual-avoiding walk (i.e., the incompressibility constraint) used. On the other
hand, in off-lattice simulations of the brushes,32–44 an explicit (or implicit) solvent simply
means that solvent molecules are explicitly (or not) included in the system; in such
simulations, the above incompressibility constraint clearly cannot be enforced and v (and
w) is rarely used (except in Refs. [43,44]).

As explained in detail in the Introduction of Paper II, while various forms of SCF
theory have been compared with molecular simulations9,23,25,26,31–33,35–37,43,45 (for exam-
ple, Pépin and Whitmore compared their lattice MC simulations with continuum SCF
calculations both in an explicit and good solvent9), which provided important insights
and greatly furthered our understanding of polymer brushes, none of these comparisons
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was done using exactly the same model system in both SCF theories and molecular
simulations. They therefore could not unambiguously distinguish the model differences
from the consequences of the mean-field approximation inherent in all SCF theories.
In addition, only structures (e.g., segmental distributions, brush height, and bond
orientation) but not thermodynamics (e.g., internal energy, free energy, and entropy) of
the brushes have been examined. This motivated our study presented in Paper II and
here, which are the prerequisite for developing more accurate theories for polymer brushes.

One complication for the brushes in a poor solvent is the possible formation of
laterally inhomogeneous structures, which requires both FLMC simulations and LSCF
calculations be performed in 3D. The Wang-Landau–Transition-Matrix sampling46–48

we use to study the brush thermodynamics, however, is computationally very expensive
for multi-chain systems in 3D due to the large number of micro/macrostates. We
therefore limit this work to laterally homogeneous brushes in 1D, which is justified by
the lateral instability analysis as shown in Sec. 3 below, and report our 3D study of
phase transitions of grafted chains in an explicit, poor solvent in another paper.49 Our
2D and 3D canonical-ensemble FLMC simulations of the brushes in an implicit, good
solvent reported in Paper II further indicate that, while the differences between FLMC
and LSCF results caused solely by the system fluctuations/correlations are smaller in
higher dimensions, most qualitative features can be studied in 1D.

2 Model and Methods

2.1 Model system

We consider an incompressible polymer brush system consisting of n chains of homopoly-
mer A each having N segments and nS solvent molecules on a lattice having L = N lattice
layers in the x direction; for the 1D lattice, the total number of lattice sites V = L. Each
homopolymer segment or solvent molecule occupies one lattice site, and each lattice site is
occupied by totally ρ0 ≡ (nN + nS) /V segments and solvent molecules. The first segment
of all chains is grafted at x = 1 (i.e., in the first layer), and an impenetrable wall is placed
at x = 0, which cannot be occupied by either polymer segments or solvent molecules. The
canonical-ensemble partition function is

Z =
1

n!nS!

n∏

k=1

N∏
s=1

∑
Xk,s

·
nS∏

k=1

∑
xk

· exp

{
−β

n∑

k=1

hC
k − βHE

}
·
∏
x

δρ̂(x)+ρ̂S(x),ρ0 (1)
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where Xk,s denote the spatial position of the sth segment on the kth chain, xk denotes
the position of the kth solvent molecule, the summations are over all possible positions
of all polymer segments and solvent molecules, respectively, “·” means that the products
before it do not apply to the terms after it but the summations before it do, and β ≡
1/kBT with kB being the Boltzmann constant and T the absolute temperature. hC

k is
the Hamiltonian of the kth chain due to its chain connectivity; βhC

k = 0 if the chain
connectivity is maintained and ∞ otherwise. Finally, the Hamiltonian due to non-bonded
interactions is given by

βHE [ρ̂, ρ̂S] =
χ

ρ0

∑
x

[ρ̂(x)ρ̂S(x)− n(ρ0 − n)] (2)

where χ is the Flory-Huggins parameter characterizing the interaction between polymer
segments and solvent molecules, the microscopic number density of polymer segments
and solvent molecules at lattice site x is given by ρ̂(x) ≡ ∑n

k=1

∑N
s=1 δx,Xk,s

and
ρ̂S(x) ≡ ∑nS

k=1 δx,xk
, respectively, and δx,Xk,s

denotes the Kronecker δ-function. The last
term in Eq. (2) is included such that βHE = 0 for a homogeneous system.

With the incompressibility constraint imposed by the last term in Eq. (1), we can
re-write βHE[ρ̂] = −CχNE/ρ2

0, where C ≡ n/φ̄V with the average polymer volume
fraction φ̄ ≡ nN/(nN + nS), E[ρ̂] ≡ ∑

x[ρ̂(x) − φ̄ρ0]
2 is defined as the energy level of

our system, and we have used V = N . The partition function in Eq. (1) can then be
re-written as

Z =
1

n!nS!

n∏

k=1

N∏
s=1

∑
Xk,s

· nS!∏
x [ρ0 − ρ̂(x)]!

exp

{
−β

n∑

k=1

hC
k + CχN

E

ρ2
0

}
·
∏
x

θ (ρ0 − ρ̂(x)) (3)

where θ(x) = 1 if x ≥ 0 and 0 otherwise. Here we have eliminated the dependence on
the spatial positions of all solvent molecules {xk} in the summation, and nS!∏

x[ρ0−ρ̂(x)]!
is the

number of different ways of arranging these solvent molecules for a given configuration
{Xk,s} of all chains. In Appendix A, we give an approximate correspondence between this
model system for brushes in an explicit solvent and that for brushes in an implicit solvent
studied in Paper II.2

2.2 Fast lattice Monte Carlo simulations

2.2.1 Canonical-ensemble simulations

Some of our FLMC simulations are performed in a canonical ensemble, where n, V = L =
N , nS and χ are fixed. We use the same configurationally biased trial moves as in Paper II.
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To take into account the entropy of solvent molecules, however, the Rosenbluth weight50 R
used in the acceptance criterion in Paper II must be multiplied by W ≡ ∏

x [ρ0 − ρ̂(x)]! for
the corresponding configuration, i.e., R → WR for both the trial and old configurations.
About 4 ∼ 20 × 106 Monte Carlo steps (MCS) are performed in each simulation, where
one MCS is defined as nN trial moves. The error bar of each ensemble-averaged quantity
is estimated in the same way as in the first paper1 in our series (referred to as Paper I
hereafter).

2.2.2 Wang-Landau–Transition-Matrix (WL-TM) sampling

As in Papers I and II, we use the combined WL-TM sampling46–48 to estimate the density
of states (DoS) within a chosen E-range. The partition function in Eq. (3) can be re-
written as

Z =
∑
E

Ω (E) exp

(
CχN

E

ρ2
0

)
(4)

with DoS Ω(E) defined as

Ω(E) ≡ 1

n!

n∏

k=1

N∏
s=1

∑
Xk,s

δE,E[ρ̂]∏
x [ρ0 − ρ̂(x)]!

exp

{
−β

n∑

k=1

hC
k

}
·
∏
x

θ (ρ0 − ρ̂(x)) (5)

Note that Ω(E) = 0 for odd E in our simulations, and such macrostates are not included
here. We use the same trial moves as in our canonical-ensemble simulations, and the
details of our WL-TM sampling are given in Paper II. As explained above, however, R
used in Paper II now needs to be replaced by WR for both the trial and old configurations.

Note that the normalized DoS g(E) obtained from WL-TM simulations gives
g (E = 0) = 1. Since DoS of the ground state of our n-chain system (where all chains
are fully stretched) is Ω(E = 0) = 1/n! [(ρ0 − n)!]V , we have Ω(E) = g(E)/n! [(ρ0 − n)!]V

(for conciseness, the explicit dependence of Ω(E) and g(E) on n is omitted in our notation).

Once g(E) is obtained, we can compute the Helmholtz free energy per chain of
length N (i.e., per N lattice sites)

βfc,FLMC(χ) ≡ −N
lnZ(χ)

ρ0V
= − φ̄

n
ln

∑
E

g(E)

n! [(ρ0 − n)!]V
exp

(
CχN

E

ρ2
0

)
(6)
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and any canonical-ensemble average as a function of χ. For the latter, we define the
normalized probability distribution of E at given χ as

P (E, χ) =
g(E)

n! [(ρ0 − n)!]V
exp

(
CχN

E

ρ2
0

)/
Z(χ) (7)

The internal energy per chain is then

βuc,FLMC(χ) ≡ N

〈
βHE(χ)

〉

ρ0V
= −χN

V

〈E(χ)〉
ρ2

0

= −χN

V

∑
E

E

ρ2
0

P (E, χ) (8)

and the entropy per chain can be obtained from the thermodynamic relation

sc(χ)/kB = βuc(χ)− βfc(χ) (9)

The specific heat per chain is

Cv,FLMC(χ)/kB ≡ N

ρ0V

[〈
βHE(χ)2

〉− 〈
βHE(χ)

〉2
]

=
C(χN)2

V ρ4
0

[〈
E(χ)2

〉− 〈E(χ)〉2]

(10)
Finally, the canonical-ensemble averages of the mean-square chain end-to-end distance
R2

e,FLMC(χ), the mean-square chain radius of gyration R2
g,FLMC

(χ) and the brush height

hFLMC(χ) are calculated in the same way as in Paper II, except that the parameter N/κ
there is replaced by χ.

2.2.3 Enumeration

One advantage of working in 1D is that we can use enumeration to obtain the exact DoS
Ωexact(E) for the single-chain system; all of our FLMC results shown for n = 1 are actually
obtained from enumeration and thus exact. These are further used in our error estimation
as discussed in detail later.

2.3 Lattice self-consistent field theory

Here we start with the same Hamiltonian as in our FLMC simulations, and insert in Eq. (1)
the identity 1 = (ρ0/2π)2L

∫
dφdωdφSdωS exp [iω· (ρ0φ− ρ̂)] exp [iωS· (ρ0φS − ρ̂S)],

where vectors ρ̂ ≡ {ρ̂(x)} and ρ̂S ≡ {ρ̂S(x)} have L elements, φ ≡ {φ(x)} and
φS ≡ {φS(x)} are the normalized density (volume fraction) fields of polymer segments
and solvent molecules, respectively, constrained to ρ̂/ρ0 and ρ̂S/ρ0, and ω ≡ {ω(x)} and
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ωS ≡ {ωS(x)} are the conjugate fields imposing these constraints, respectively. We then
substitute the following integral form of the δ-function into Eq. (1),

∏
x

δρ̂(x)+ρ̂S(x),ρ0 =
1

(2π)L

∫
dη exp [−ρ0iη· (φ + φS − 1)] , (11)

where the vector η ≡ {η(x)} is the conjugate field imposing the incom-
pressibility constraint and 1 has L elements of 1. We finally have Z =[
ρ2L

0 /(2π)3L
] ∫

dφdωdφSdωSdη exp
{− (

n/φ̄
)
βfc[φ, iω, φS, iωS, iη]

}
with

βfc = χφ · φS −
1

N
φ·iω − 1

N
φS·iωS +

1

N
iη· (φ + φS − 1)

−χNφ̄
(
1− φ̄

)− φ̄ ln Q[iω]−N
(
1− φ̄

)
ln QS[iωS] + βf id

c , (12)

where the single-chain partition function Q[iω] ≡∏N
s=1

∑
Xs
· exp

[
−βhC − i

∑N
s=1 ω(Xs)/N

]/
G with G ≡ ∏N

s=1

∑
Xs
· exp(−βhC) =

zN−1L and the lattice coordination number z = 2 in our 1D case, the single-particle
partition function QS[iωS] ≡ ∑

x exp [−iωS(x)/N ] /L, the free energy per chain of
length N for an ideal system of n ungrafted chains and nS solvent molecules (which is
non-interacting and not subject to the incompressibility constraint)

βf id
c ≡ − φ̄

n
ln

Gn

n!nS!
−N

(
1− φ̄

)
ln V = −sid

c

kB

(13)

with sid
c denoting the entropy per chain for the ideal system, and we have re-scaled

variables according to Nω → ω, NωS → ωS and Nη → η.

The SCF equations are obtained by setting δβfc/δφ(x) = δβfc/δiω(x) = δβfc/δφS(x) =
δβfc/δiωS(x) = δβfc/δiη(x) = 0 (i.e., the mean-field approximation4) and given by

iω(x) = χNφS(x) + iη(x) (14)

iωS(x) = χNφ(x) + iη(x) (15)

φ(x) =
N∑

s=1

φs(x) (16)

φs(x) =
φ̄ exp [iω(x)/N ]

q∗N(x = 1)
qs(x)q∗N+1−s(x) (17)
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φS(x) =
1− φ̄

QS[iωS]
exp

[
−iωS(x)

N

]
(18)

φ(x) + φS(x) = 1 (19)

where φs(x) is the volume fraction of the sth segment of all chains at x, qs(x) is the
probability of finding a partial chain of s segments starting from the grafted end and
ending at position x in the system, and q∗t (x) is the probability of finding a partial chain
of t ≡ N + 1 − s segments starting from the free end and ending at x in the system.
According to the chain connectivity, we have the recursive relations

q∗t+1(x) = exp

[
−iω(x)

N

]
q∗t (x− 1) + q∗t (x + 1)

2
, q∗t=1(x) = exp

[
−iω(x)

N

]
(20)

qs+1(x) = exp

[
−iω(x)

N

]
qs(x− 1) + qs(x + 1)

2
, qs=1(x) = exp

[
− iω(x)

N

]
δx,1 (21)

It is worthy to note that, if {iω, iωS, iη} is a solution of the SCF equations,
{iω + c, iωS + c, iη + c} is also a solution with c being an arbitrary constant; the
corresponding {φ,φS} and βfc,LSCF remain unchanged. We therefore set QS = 1 − φ̄ to
obtain a unique solution. Then from Eqs. (14), (15), (18) and (19) we obtain

iω(x) = −N ln[1− φ(x)] + χN [1− 2φ(x)] (22)

This, along with Eq. (16), is solved using the Broyden method combined with a globally
convergent strategy,51 where the maximum residual error at all x is less than 10−12.

Once the SCF equations are solved, we calculate the free energy per chain as

β(fc,LSCF− f id
c ) =

∑
x

{
χφ2(x) + ln[1− φ(x)]

}−χNφ̄(1− φ̄)− φ̄ ln Q−N(1− φ̄) ln(1− φ̄)

(23)
with Q = q∗N(x = 1)/L (where Eq. (22) is used), the internal energy per chain as

βuc,LSCF = −χN

V

ELSCF

ρ2
0

(24)

with
ELSCF

ρ2
0

≡
∑

x

[
φ(x)− φ̄

]2
(25)
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and the entropy per chain sc,LSCF/kB through Eq. (9). The LSCF predictions of the
mean-square chain end-to-end distance R2

e,LSCF and radius of gyration R2
g,LSCF are calcu-

lated in the same way as in Paper II, and the brush height hLSCF ≡ 2
∑L

x=1(x−1)φ(x)/φ̄L.

It is easy to show that, for a homogeneous incompressible system of ungrafted chains and
solvent molecules, our LSCF theory with Kronecker δ-function interactions reduces to the
standard Flory-Huggins theory as expected. On the other hand, Appendix A gives the
correspondence between our brushes in an explicit solvent and those in an implicit solvent
studied in Paper II; that is, when φ(x) ¿ 1, (1 − 2χ)Nφ̄ and φ(x)/φ̄ here correspond to
N/κ and φ(x) in Paper II, respectively.

2.3.1 LSCF predictions in the limits of χ → ±∞
In the limit of χ → −∞, the system is in the ground state with no fluctuations, where
all chains are fully stretched with no correlations among them, and the LSCF predictions
of φ(x) = φ̄ for x ∈ [1, N ], φs=N(x) = 1 at x = N (and 0 otherwise), E = βuc = 0,
R2

e = (N − 1)2, R2
g = (N2 − 1)/12, and h = N − 1 are exact. LSCF theory further

gives GQ = 1 in this limit, thus β(fc,LSCF − f id
c ) = −(sc,LSCF − sid

c )/kB = φ̄ ln G;52 the
latter, however, is not exact for any finite nS-value due to the correlations among solvent
molecules caused by the incompressibility constraint.

To understand this, let us consider sc in the general case where nS solvent molecules are
arranged for a given {φ(x)} according to the incompressibility constraint. The exact
microcanonical-ensemble partition function for the solvent is ΩS = 1/

∏L
x=1[ρ0φS(x)]! with

φS(x) ≡ 1− φ(x), leading to the exact solvent entropy per chain

sS
c,exact

kB

≡ N ln ΩS

ρ0V
= − N

ρ0V

∑
x

ln[ρ0φS(x)]! (26)

LSCF theory, however, neglects the correlations among solvent molecules caused by the
incompressibility constraint and gives52

sS
c,LSCF

kB

=
1

ρ0

ln
V nS

nS!
+ N(1− φ̄) ln(1− φ̄)−

∑
x

φS(x) ln φS(x) (27)

Using the Stirling approximation, it is easy to show that sS
c,exact− sS

c,LSCF → 0 as nS →∞
(i.e., ρ0 →∞ at constant φ̄).
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In the limit of χ → ∞, the system is in the “ceiling” state with the largest E/ρ2
0,

and it is clear that βuc → −∞ and thus βfc → −∞ for N ≥ 3. Two cases need to be
considered separately:

(1) When φ̄ ≤ bN+1
2
c−1 (where bac denotes the integer part of a non-negative

number a), the incompressibility constraint does not limit chain conformations. In
the limit of χ → ∞, all chains are fully collapsed (i.e., Xs = 1 for odd s and 2
for even s), and LSCF theory gives GQ = 1, which corresponds to the total num-
ber of chain conformations of a single grafted chain.52 For odd N , LSCF theory
gives the following exact results: φ(x) = N+1

2
φ̄ at x = 1, N−1

2
φ̄ at x = 2, and 0

otherwise; φs=N(x) = 1 at x = 1, and 0 otherwise; E/ρ2
0 = (N−1)2

2
φ̄2; h = 1 − 1

N
,

R2
e = 0, and R2

g = 1
4
− 1

4N2 . As shown above, its prediction52 of (sc,LSCF − sid
c )/kB =

−φ̄ ln G−(
1− N+1

2
φ̄
)
ln

(
1− N+1

2
φ̄
)−(

1− N−1
2

φ̄
)
ln

(
1− N−1

2
φ̄
)
+N(1−φ̄) ln(1−φ̄) is not

exact for any finite nS-value due to the correlations among solvent molecules. For even N ,
LSCF theory gives the following exact results: φ(x) = N

2
φ̄ at x = 1 and 2, and 0 otherwise;

φs=N(x) = 1 at x = 2, and 0 otherwise; E/ρ2
0 = N2−2N

2
φ̄2; h = 1, R2

e = 1, and R2
g = 1

4
. Its

prediction52 of (sc,LSCF− sid
c )/kB = −φ̄ ln G− 2

(
1− N

2
φ̄
)
ln

(
1− N

2
φ̄
)
+N(1− φ̄) ln(1− φ̄)

is again not exact for any finite nS-value.

(2) When φ̄ > bN+1
2
c−1, the incompressibility constraint limits chain conformations. In

the limit of χ → ∞, chains are therefore in the most collapsed states as permitted by
the incompressibility. The “ceiling” state is in general degenerated (i.e., GQ > 152)
with E/ρ2

0 = −Aφ̄(1 − Aφ̄) − Bφ̄(1 − Bφ̄) + Nφ̄(1 − φ̄), where A = bN
2
− bN

2
φ̄c/φ̄c and

B = N − 2bN
2
φ̄c/φ̄ − A. These values of A and B can be found in the following way:

Let us first consider the single-chain system. One of the allowed chain conformations in
the most collapsed state gives φ(x) = 1 for x ≤ x0 ≡ 2bN

2
φ̄c, < 1 at x1 ≡ x0 + 1 and

x2 ≡ x0 + 2, and 0 otherwise. That is, there are totally 2bN
2
φ̄cρ0 = 2bN

2
φ̄c/φ̄ segments

at lattice sites 1 ≤ x ≤ x0, b
(
N − 2bN

2
φ̄c/φ̄)

/2c = A segments at x2, and B segments
at x1. For multi-chain systems, this chain conformation can be applied to all the chains,
leading to the above E/ρ2

0 which is independent of n. This exact result is therefore
also the LSCF prediction (i.e., in the limit of n → ∞). When N

2
φ̄ is an integer, LSCF

theory gives the exact result of φ(x) = 1 for x ∈ [1, Nφ̄] and 0 otherwise, thus the exact
result of h = Nφ̄ − 1; φs=N(x), however, depends on n and its exact result therefore
cannot be predicted by LSCF theory, so are R2

e and R2
g. When Nφ̄/2 is not an integer,

the exact results of φ(x) and φs=N(x) cannot be predicted by LSCF theory, so are h,
R2

e and R2
g. Finally, since GQ is in general not known analytically,52 we do not have

an expression for sc,LSCF, which cannot be exact for any finite nS-value as explained above.
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From the above analysis, it is clear that the limit of χ → −∞ provides a well
understood reference state, which is used in the following.

3 Results and Discussion

Our model system of brushes in an explicit solvent is specified by a few physical
parameters: the chain length N , the average polymer volume fraction φ̄ = n/ρ0, the
Flory-Huggins interaction parameter χ between polymer segments and solvent molecules,
and the number of grafted chains n; the first three completely determine the LSCF results,
and the last one controls system fluctuations in FLMC simulations, which approach LSCF
predictions in the limit of n →∞. Different from the compressible polymer melts studied
in Paper I or the brushes in an implicit solvent studied in Paper II, here N characterizes
both the chain discretization and the polymer/solvent size ratio; it is therefore a physical
parameter instead of a model parameter. Unless specified otherwise, our results presented
here are for N = 40 and φ̄ = 0.1; similar results are found for other values of N and φ̄.

In this 1D study, we are mainly interested in the range of 0 ≤ χ ≤ 1.5; both
LSCF calculations and FLMC simulations at much larger χ-values are found to be
challenging. To justify our 1D study of brushes in a poor solvent, we have analyzed
the lateral instability of our LSCF results obtained under the assumption of lateral
homogeneity, following Refs. [53, 54]; our approach is similar to that in Ref. [54], except
that we use lattice polymers (instead of continuous Gaussian chains) and equal bulk
number density for polymer segments and solvent molecules. For N = 40 and φ̄ = 0.1,
the laterally homogeneous brush is found to be stable for χ < 1.575 on any 2D and 3D
lattices having z0 = 0 as the 1D lattice (thus the same LSCF results for the laterally
homogeneous brush), where z0 denotes the fraction of the nearest-neighbor lattice sites
that are at the same x of a given lattice site; one example of such 3D lattice is the
body-centered cubic lattice. Finally, to show the bridging to our reference system in the
limit of χ → −∞, some of our results are presented as a function of χ/(3 − χ) in the
range of [−1, 1].

3.1 Density of states and error estimation

Fig. 1(a) shows g(E) obtained from our WL-TM simulations for systems of various n ≥ 2;
the exact g(E) obtained from enumeration for n = 1 is also shown. We see that g(E)
increases with increasing E at small E and decreases at large E, and that g(E) oscillates
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slightly at large E due to the use of a lattice. In addition, the E-range is broader for
systems with larger n, as expected. The normalized probability distribution P (E,χ) is
shown in Fig. 1(b) for systems with n = 1 and 16 at χ = 0 and χ = 1.5. We see that E
of those states contributing significantly to canonical-ensemble averages increases with
increasing χ and n, and that the E-ranges we choose are broad enough for computing
canonical-ensemble averages in the range of χ from −∞ to 1.5.

Following Paper I, for the single-chain system we define the error in ln g(E) per

macrostate as ε ≡
√∑

E [ln g(E)− ln gexact(E)]2 /NE, where NE denotes the total

number of even E-macrostates contained in the E-window, and the (related) error in
βfc,FLMC(χ) as

εf (χ)≡ |βfc,FLMC − βfc,exact|

=
φ̄

n

∣∣∣∣∣ln
∑
E

g(E) exp

(
CχN

E

ρ2
0

)
− ln

∑
E

gexact(E) exp

(
CχN

E

ρ2
0

)∣∣∣∣∣ (28)

where g(E) is obtained from WL-TM simulations and gexact(E) ≡ Ωexact(E)/Ωexact(E = 0)
obtained by enumeration. Fig. 2(a) shows that ε and εf (at χ = 0, 1 and 1.5) decrease grad-
ually with increasing number of MCS in TM simulations (TM MCS), and that εf < 0.006
in our single-chain simulation at 4 × 107 TM MCS. Fig. 2(b) shows βfc,FLMC − βfc,exact

as a function of χ at 4× 107 TM MCS for the single-chain systems with N = 20 and 40;
note that Eq. (28) gives εf (χ → −∞) = 0. While εf (χ) exhibits a maximum as χ varies
in both cases, its location is outside the χ-range that we are interested in. At large χ,
βfc,FLMC − βfc,exact approaches a constant, the value of which is mainly determined by
the error of our g(E) for the “ceiling” state (i.e., E = 180 for N = 20 and 360 for N = 40).

Different from the brushes in an implicit solvent studied in Paper II (i.e, the ap-
plication of Eq. (28) there), there is no finite χ-value at which chains are uncorrelated for
the brushes in an explicit solvent (even at χ = 0.5, where only the second virial coefficient
vanishes). To estimate the error in βfc for our multi-chain systems with n ≥ 2, where
gexact(E) is not known, we follow Paper I and plot in Figs. 2(c) and 2(d) βfc,FLMC as a
function of the number of TM MCS for systems with n = 2 and 16 at χ = 0 and 1.5. We
see that in all the cases βfc,FLMC increases towards an asymptotic value with increasing
number of TM MCS, and that 4×107 TM MCS give an error in βfc,FLMC (difference from
the value at 2× 107 TM MCS) of less than 0.003 and 0.00012 at χ = 0 for n = 2 and 16,
respectively, and less than 0.002 and 0.00003 at χ = 1.5 for n = 2 and 16, respectively.
As found in Paper I, the error in βfc,FLMC from our WL-TM simulations decreases with
increasing n. Hereafter we use the simulation results at 4× 107 TM MCS for n ≥ 2.
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3.2 Brush structures

3.2.1 Segmental density profile and brush height

Fig. 3(a) shows φ(x) obtained from canonical-ensemble simulations (denoted by φFLMC(x))
with various n at χ = 1, along with the corresponding LSCF predictions (denoted by
φLSCF(x)). In such a poor solvent, polymer segments collapse near the substrate. As
found in Paper II, φFLMC(x) is flatter than φLSCF(x) due to the system fluctuations, and
the largest deviation in φ(x), defined as max{x} |φFLMC(x)− φLSCF(x)|, occurs at x = 3 in
all the cases, very close to the location (at x = 4) of the maximum of φLSCF(x). Similar
results are found at other χ-values.

On the other hand, the FLMC results approach the LSCF predictions with increasing n
at a given χ, as expected. To quantitatively analyze the n-dependence of φ(x), we define

εφ ≡
√∑L

x=1[φFLMC(x)− φLSCF(x)]2/L as in Paper II. Fig. 3(b) shows εφ as a function of

n at various χ. We see that εφ is larger in a poor solvent (i.e., at χ = 1 and 1.5) than in
a good or θ-solvent (i.e., at χ = 0 and 0.5), and that εφ ∝ n−1 at large n for all the χ-values.

The brush height is directly related to φ(x), i.e., h = 2
∑L

x=1(x − 1)φ(x)/φ̄L. In
the limit of χ → −∞, all chains are fully stretched and LSCF theory gives the exact
value of h = 39 (for N = 40). Fig. 4(a) shows that hLSCF monotonically decreases with
increasing χ.

Fig. 4(b) shows that LSCF theory underestimates the brush height at any finite
χ ≤ 1.5; this is different from the brushes in an implicit, good solvent studied in Paper II,
where LSCF theory overestimates h near the θ-point.2 We further see that hFLMC−hLSCF

varies non-monotonically within the range of 0 < χ < 1. Similar to εφ, we also find that
hFLMC − hLSCF ∝ n−1 at large n for all the χ-values (data not shown).

3.2.2 Free-end distribution and chain dimensions

Figs. 5(a) and 5(b) show φs=N(x) obtained from canonical-ensemble simulations (de-
noted by φs=N,FLMC(x)) at χ = 0 and 1, respectively, along with the corresponding
LSCF predictions (denoted by φs=N,LSCF(x)); note that φs=N(x) = 0 at odd x for
chains of even N on the 1D lattice, and we omit such points in the figures. At
χ = 0, we see that φs=N,FLMC(x) ∝ exp(kx/L) at small x and for small n. This
exponential distribution of the free ends is also found in the 1D brushes in an implicit,
good solvent studied in Paper II, and can be explained accordingly with an effective
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value of (1 − 2χ)Nφ̄ = 4 for the parameter N/κ used in that paper, although at
such a small value we cannot quantitatively predict k.2 As also found in Paper II,
φs=N,FLMC(x) < φs=N,LSCF(x) close to the substrate in all the cases. On the other hand,

we find that
√∑L

x=1[φs=N,FLMC(x)− φs=N,LSCF(x)]2/L ∝ n−1 at large n for all the

χ-values (data not shown), as in the case of φ(x).

The mean-square chain end-to-end distance R2
e is directly related to φs=N(x), i.e.,

R2
e =

∑L
x=1(x − 1)2φs=N(x). We find that both R2

e and the mean-square chain radius
of gyration R2

g exhibits qualitatively the same behavior as h. That is, LSCF theory
gives exact R2

e = 1521 and R2
g = 133.25 (for N = 40) in the limit of χ → −∞. With

increasing χ, both R2
e,LSCF and R2

e,LSCF monotonically decrease; note, however, that in

the case of N = 40 and φ̄ = 0.1 LSCF theory does not give the exact R2
e and R2

g in the
limit of χ → ∞ for finite n due to the chain correlations. On the other hand, LSCF
theory underestimates R2

e and R2
g at any finite χ ≤ 1.5, and both R2

e,FLMC − R2
e,LSCF and

R2
g,FLMC − R2

g,LSCF vary similarly to hFLMC − hLSCF shown in Fig. 4(b). Finally, Fig. 5(c)
shows that R2

e,FLMC − R2
e,LSCF ∝ n−1 at large n for all the χ-values, and similar results

are also found for R2
g (data not shown).

3.3 Thermodynamic quantities

3.3.1 Internal energy and specific heat

From Eqs. (8) and (10) we see that the internal energy per chain βuc and the specific
heat per chain Cv/kB are directly related to 〈E〉 /ρ2

0 and
(〈E2〉 − 〈E〉2) /ρ4

0, respectively.
Fig. 6(a) shows how ELSCF/ρ2

0 and βuc,LSCF vary with χ. In the limit of χ → −∞, the
system is in the ground state with all chains fully stretched, and LSCF theory gives exact
E = βuc = 0. With increasing χ, ELSCF/ρ2

0 monotonically increases and βuc,LSCF exhibits
a maximum around χ = −6.3.

Fig. 6(b) shows (〈E〉 − ELSCF)/ρ2
0 as a function of χ for systems of various n, where 〈E〉

is obtained from WL-TM simulations. In all the cases, (〈E〉 − ELSCF)/ρ2
0 exhibits with

increasing χ a negative minimum followed by a positive maximum located at a χ-value
slightly larger than 0.5, and approaches 0 in the limit of χ → ∞. Following Paper II,
we split (〈E〉 − ELSCF)/ρ2

0 into two parts: ∆φ1 ≡
∑L

x=1 [〈ρ̂2
FLMC(x)〉 /ρ2

0 − φ2
FLMC(x)] is

the fluctuations of local segmental densities around their average in FLMC simulations,
and ∆φ2 ≡ ∑L

x=1 [φ2
FLMC(x)− φ2

LSCF(x)] is the difference between the square of the
ensemble-averaged density profile in FLMC simulations and the corresponding LSCF
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prediction. Both parts are due to the fluctuation effects neglected in LSCF theory.

Figs. 6(c) and 6(d) show that ∆φ1 > 0 and ∆φ2 < 0 at finite n and χ ≥ 0,
which can be compared with Figs. 7(c) and 7(d) in Paper II, respectively. In fact, with
the mapping of N/κ = (1− 2χ)Nφ̄, the behavior of (〈E〉 − ELSCF)/ρ2

0 for −∞ < χ ≤ 0.5
shown in Fig. 6(b) is qualitatively the same as Fig. 7(b) in Paper II. On the other hand,
as revealed in Figs. 6(c) and 6(d), the decrease of (〈E〉 − ELSCF)/ρ2

0 from χ = 0.5 to
1 is due to the large decrease of ∆φ2, which is similar to εφ shown in Fig. 3(b) since
both measure the difference between φFLMC(x) and φLSCF(x), and that from χ = 1 to
1.5 is due to the large decrease of ∆φ1. Finally, Figs. 6(c) and 6(d) also show that both
∆φ1 and ∆φ2 are proportional to n−1 at large n for all the χ-values, which leads to
(〈E〉 − ELSCF)/ρ2

0 ∝ n−1 at large n.

With Eq. (8), we therefore have βuc,FLMC − βuc,LSCF = 0 at χ = 0 and in the
limits of χ → ±∞. Fig. 6(e) shows βuc,FLMC − βuc,LSCF as a function of χ for systems of
various n, which can be easily understood based on the above analysis. In particular, at
finite χ > 0, LSCF theory overestimates the internal energy per chain and its prediction
is approached by FLMC results at a rate of 1/n at large n.

Fig. 7(a) shows
(〈E2〉 − 〈E〉2) /ρ4

0 as a function of χ for systems of various n ob-
tained from FLMC simulations; note that the LSCF prediction is 0 regardless of χ. We
see that

(〈E2〉 − 〈E〉2) /ρ4
0 exhibits a maximum at χ ≈ 0.9. In the limits of χ → −∞

and ∞, the system is in the ground state of E = 0 and the “ceiling” state of E = 360n2

(for φ̄ = 0.1 and N = 40), respectively, with no fluctuations, thus
(〈E2〉 − 〈E〉2) /ρ4

0 = 0.

Fig. 7(b) shows the n-dependence of
(〈E2〉 − 〈E〉2) /ρ4

0 at various χ obtained from

canonical-ensemble simulations, where we see that
(〈E2〉 − 〈E〉2) /ρ4

0 ∝ n−1 at large n for
all the χ-values.

With Eq. (10), we therefore have Cv/kB = 0 at χ = 0 and in the limits of χ → ±∞, and
> 0 at other χ-values. LSCF theory gives Cv/kB = 0 regardless of χ, which, for any finite
χ > 0, is approached by FLMC results at a rate of 1/n at large n (data not shown).

3.3.2 Free energy and entropy

Similar to Papers I and II, here we compare the differences in free energy per chain,
∆fc ≡ fc(χ) − fc(χ → −∞), and in entropy per chain, ∆sc ≡ sc(χ) − sc(χ → −∞),
from the reference state in the limit of χ → −∞, where all chains are fully stretched.
Note that, for any finite nS-value, while LSCF theory does not give the exact fc and sc
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in this reference state due to the correlations among solvent molecules caused by the
incompressibility constraint, the deviations from the exact value are known analytically
(see Eqs. (26) and (27)).

Fig. 8(a) shows how the LSCF predictions of β∆fc,LSCF and ∆sc,LSCF/kB vary
with χ. With increasing χ, β∆fc,LSCF monotonically decreases but ∆sc,LSCF/kB exhibits
a maximum at χ = 0; the latter is a general feature for all N , as shown in Appendix B. In
the limit of χ →∞, β∆fc,LSCF approaches −∞ but ∆sc,LSCF/kB approaches a finite value.

Fig. 8(b) shows that β(∆fc,FLMC − ∆fc,LSCF) exhibits a maximum at a negative χ-
value (which decreases with increasing n), crosses 0 at a χ-value between 0.5 and 0.8,
and seems to approach a negative constant in the limit of χ →∞ at any finite n. LSCF
theory therefore underestimates ∆fc at small χ ≥ 0 and overestimates it at larger χ at
finite n. Fig. 8(c) shows that, while β |∆fc,FLMC −∆fc,LSCF| ∝ n−1 seems to hold for all n
at χ = 0 as well as at large n for large χ-values (e.g., 1.5), it may not hold even at large n
for intermediate χ-values (e.g., 0.5 and 1) near which ∆fc,FLMC coincides with ∆fc,LSCF.

With Eq. (9), the behavior of −(∆sc,FLMC − ∆sc,LSCF)/kB shown in Fig. 8(d) can
be readily understood. We see that, with increasing χ, −(∆sc,FLMC − ∆sc,LSCF)/kB

exhibits two maxima, one at a negative χ-value (which decreases with increasing n)
and the other at a χ-value slightly larger than 0.5; these locations coincide with the
corresponding extremum of (〈E〉−ELSCF)/ρ2

0 in Fig. 6(b), which is a general feature for all
n and N as shown in Appendix C. −(∆sc,FLMC −∆sc,LSCF)/kB then crosses 0 at a larger
χ, and approaches the same negative constant as β(∆fc,FLMC − ∆fc,LSCF) does in the
limit of χ →∞ at any finite n. LSCF theory therefore overestimates ∆sc at small χ ≥ 0
and underestimates it at larger χ at finite n. In addition, −(∆sc,FLMC − ∆sc,LSCF)/kB

exhibits a local minimum at χ = 0, which is a general feature of the brushes in an explicit
solvent for all n and N as shown in Appendix C but not seen in the brushes in an implicit
solvent studied in Paper II.

Finally, Fig. 8(e) shows that, while |∆sc,FLMC −∆sc,LSCF| /kB ∝ n−1 seems to hold
for all n at χ = 0 and 0.5, it may not hold even at large n for χ-values (e.g., 1 and 1.5)
near which ∆sc,FLMC coincides with ∆sc,LSCF.

17



4 Summary

Using fast lattice Monte Carlo (FLMC) simulations3 both in a canonical ensemble and
with Wang-Landau–Transition-Matrix (WL-TM) sampling,46–48 we have studied a 1D
model system of laterally homogeneous homopolymer brushes in an explicit solvent
with Kronecker δ-function interactions. The fluctuations and correlations in this system
are controlled by a few physical parameters: the chain length N , the average polymer
volume fraction φ̄, the Flory-Huggins interaction parameter χ between polymer segments
and solvent molecules, and the number of grafted chains n. Direct comparisons of the
simulation results with those from the corresponding lattice self-consistent field (LSCF)
theory, both of which are based on the same Hamiltonian (thus without any parameter-
fitting between them), unambiguously and quantitatively reveal the fluctuations and
correlations in the system. This is the third paper in our series of studies with similar
methodology and purpose, and extends our previous work on the brushes in an implicit,
good solvent reported in the preceding paper in this series2 (referred as Paper II). Such
direct comparisons distinguish our work from all previously reported comparisons between
SCF theories and molecular simulations of homopolymer brushes,9,23,25,26,31–33,35–37,43,45

where different models were used in the theories and simulations.

We have examined in detail how χ and n affect both the brush structures (includ-
ing the ensemble-averaged segmental density profile φ(x) and free-end distribution
φs=N(x), where x denotes the direction perpendicular to the grafting substrate, as well
as the related brush height h, mean-square chain end-to-end distance R2

e and radius of
gyration R2

g) and various thermodynamic quantities (including the canonical-ensemble
average of energy level 〈E〉 and the related internal energy per chain of length N (i.e., per
N lattice sites) uc, the fluctuations of energy level 〈E2〉 − 〈E〉2 and the related specific
heat per chain Cv, the difference in free-energy per chain ∆fc ≡ fc(χ) − fc(χ → −∞)
and that in entropy per chain ∆sc ≡ sc(χ)− sc(χ → −∞) from the reference state in the
limit of χ → −∞ where all chains are fully stretched). Such thermodynamic quantities
were not examined in previous comparisons of homopolymer brushes. While most results
presented here are for N = 40 and φ̄ = 0.1, similar results are found for other values of
N and φ̄.

For systems at finite n, we find that LSCF theory gives exact results for all the
above quantities in the limit of χ → −∞, where the system is in the ground state of
E = 0 (i.e., no fluctuations) with all chains having the same conformation (i.e., no chain
correlations). LSCF theory, however, neglects the correlations among solvent molecules
caused by the incompressibility constraint, thus overestimating the solvent entropy; this
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is different from the brushes in an implicit, good solvent studied in Paper II.

At finite n and χ, the segmental density profile obtained from FLMC simulations
φFLMC(x) is flatter than the LSCF prediction φLSCF(x). The largest deviation between
the two profiles occurs close to the grafting substrate where φLSCF(x) is almost at its
maximum, and the mean-square difference between them is larger in a poor solvent
than in a good or θ-solvent. Close to the substrate, the free-end density from FLMC
simulations φs=N,FLMC(x) is lower than the LSCF prediction φs=N,LSCF(x). LSCF theory
underestimates h, R2

e and R2
g at any finite χ ≤ 1.5, different from the brushes in an

implicit, good solvent studied in Paper II.

Regarding the thermodynamic quantities, since 〈E〉 /ρ2
0 ≡ ∑

x

[
φ(x)− φ̄

]2
=

−βuc/(χN/V ) and Cv/kB = [(χN)2ρ0/V N ]
(〈E2〉 − 〈E〉2) /ρ4

0, where ρ0 = nN/φ̄V
is the average number density of polymer segments and solvent molecules and V the
total number of lattice sites (= N for our 1D brushes), understanding the behavior of
〈E〉 and 〈E2〉 − 〈E〉2 is crucial for understanding that of uc and Cv. As expected, ELSCF

monotonically increases while βuc,LSCF monotonically decreases with increasing χ ≥ 0.
We find that (〈E〉 − ELSCF)/ρ2

0 exhibits with increasing χ a negative minimum followed
by a positive maximum located at a χ-value slightly larger than 0.5, and approaches 0 in
the limit of χ →∞. Following Paper II we split it into two parts: ∆φ1 is the fluctuations
of local segmental densities around their average in FLMC simulations, and ∆φ2 is
the difference between the square of the ensemble-averaged density profile in FLMC
simulations and the corresponding LSCF prediction. Both parts are due to fluctuations
neglected in LSCF theory, and ∆φ2 is unique for inhomogeneous systems. We find that
∆φ1 > 0 and ∆φ2 < 0 at finite n and χ ≥ 0. We also see that

(〈E2〉 − 〈E〉2) /ρ4
0 exhibits

a maximum at χ ≈ 0.9. It is trivial that LSCF theory gives exact results of βuc = 0 and
Cv/kB = 0 at χ = 0 and in the limit of χ → −∞, as well as that of Cv/kB = 0 in the
limit of χ → ∞. At finite χ > 0, LSCF theory overestimates βuc and underestimates
Cv/kB.

On the other hand, while β∆fc,LSCF monotonically decreases with increasing χ,
∆sc,LSCF/kB exhibits a maximum at χ = 0 as proved in Appendix B. In the limit of
χ → ∞, β∆fc,LSCF approaches −∞ but ∆sc,LSCF/kB approaches a finite value. At
finite n, while β(∆fc,FLMC − ∆fc,LSCF) monotonically decreases with increasing χ ≥ 0,
−(∆sc,FLMC−∆sc,LSCF)/kB exhibits a local minimum at χ = 0 and a local maximum at a
χ-value slightly larger than 0.5; the location of the latter coincides with the corresponding
extremum of (〈E〉 − ELSCF)/ρ2

0, as proved in Appendix C. Both β(∆fc,FLMC −∆fc,LSCF)
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and −(∆sc,FLMC − ∆sc,LSCF)/kB then cross 0 at a larger χ, and approach the same
constant in the limit of χ → ∞. At finite n, LSCF theory therefore underestimates ∆fc

but overestimates ∆sc at small χ ≥ 0, and the opposite occurs at larger χ.

At finite χ ≥ 0, FLMC results approach LSCF predictions at a rate of 1/n at
large n. This scaling has also been found in our previous work.1–3 As expected, LSCF
theory is exact in the limit of n →∞, where there are no fluctuations or correlations. For
the homopolymer brushes studied here, however, this scaling does not hold for certain
quantities close to the finite χ-values at which the FLMC results concide with LSCF pre-
dictions, e.g., ∆fc and ∆sc at χ-values somewhat larger than 0.5 (see Figs. 8(b) and 8(d)).

Finally, when φ(x) ¿ 1 for all x, there is an approximate correspondence between
brushes in an explicit solvent studied here and those in an implicit, good solvent studied
in Paper II, where a parameter κ inversely proportional to the second virial coefficient
was used to characterize the solvent quality. Most results for χ ≤ 0.5 reported here can
therefore be qualitatively understood based on Paper II, with (1 − 2χ)φ̄ and φ(x)/φ̄
here corresponding to κ and φ(x) in that work. This correspondence is independent
of the system dimensionality and whether or not the chains are grafted, as shown in
Appendix A.
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Appendix

A. Correspondence between brushes in explicit and implicit sol-
vents

When ρ̂(x) ¿ ρ0 (i.e., φ(x) ¿ 1) for all x, there is an approximate correspondence between
brushes in explicit and implicit solvents. In this case, Eq. (3) can be re-written as

Z =
1

n!

n∏

k=1

N∏
s=1

∑
Xk,s

· exp

{
−β

n∑

k=1

hC
k +

χ

ρ0

E −
∑

x

ln [ρ0 − ρ̂(x)]!

}

∼ 1

n!

n∏

k=1

N∏
s=1

∑
Xk,s

· exp

{
−β

n∑

k=1

hC
k +

χ

ρ0

E −
∑

x

[ρ0 − ρ̂(x)] ln [ρ0 − ρ̂(x)]

}

∼ 1

n!

n∏

k=1

N∏
s=1

∑
Xk,s

· exp

{
−β

n∑

k=1

hC
k +

χ

ρ0

E +
∑

x

[ρ0 − ρ̂(x)]

[
ρ̂(x)

ρ0

+
ρ̂2(x)

2ρ2
0

]}

∼ 1

n!

n∏

k=1

N∏
s=1

∑
Xk,s

· exp

{
−β

n∑

k=1

hC
k −

(
1

2
− χ

)
φ̄

E

φ̄ρ0

}
(29)

where we have used the Stirling approximation and the Taylor expansion
ln(1 − a) ≈ −a − a2/2 for small a, “∼” indicates that a constant in the Hamilto-
nian is further neglected, and to obtain the last line the O(ρ̂3(x))-term is also neglected.
Comparing the above to Eqs. (1) and (2) in Paper II and noting that φ̄ρ0 = nN/V here
corresponds to ρ0 in Paper II, we see that (1−2χ)Nφ̄ and φ̃(x) ≡ φ(x)/φ̄ here correspond
to N/κ and φ(x) in Paper II, respectively. We note that this correspondence is ac-
tually independent of the system dimensionality and whether or not the chains are grafted.

This correspondence can also be seen in LSCF calculations. Using the Taylor ex-
pansion in Eq. (22) and defining iω̃(x) ≡ iω(x) + χN(2φ̄− 1)−Nφ̄, we have

iω̃(x) ≈ (1− 2χ)Nφ̄[φ̃(x)− 1] (30)

With the definitions of q̃∗t (x) ≡ q∗t (x) exp
[−χ(2φ̄− 1)t + φ̄t

]
and q̃s(x) ≡

qs(x) exp
[−χ(2φ̄− 1)s + φ̄s

]
, which satisfy the same recursive relations as Eqs. (20)

and (21) with iω(x) there replaced by iω̃(x), Eq. (17) becomes

φ̃s(x) =
exp[iω̃(x)/N ]

q̃∗N(x = 1)
q̃s(x)q̃∗N+1−s(x) (31)
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with φ̃s(x) ≡ φs(x)/φ̄. Comparing Eqs. (30) and (31) with Eqs. (12) and (14) in Paper
II, we see that, in addition to the aforementioned correspondence, iω̃(x), q̃∗t (x), q̃s(x) and
φ̃s(x) here correspond to iω(x), q∗t (x), qs(x) and φs(x) in Paper II, respectively.

To quantify the difference in polymer segmental density profile between brushes in

an implicit and an explicit solvent, Fig. 9 shows ∆φ ≡
√∑

x

[
φEx(x)/φ̄− φIm(x)

]2 /
L as

a function of φ̄ for N = 40, where φEx(x) and φIm(x) denote, respectively, the polymer
segmental density profile obtained from LSCF calculations of brushes in an explicit and
an implicit solvent on the 1D lattice, with N/κ = (1 − 2χ)Nφ̄ used in the latter.2 We
see that ∆φ increases with increasing φ̄ as expected, and that ∆φ ∝ φ̄2 at small φ̄. In
addition, ∆φ is larger in a solvent of better quality.

Finally, the shift of iω(x) to iω̃(x) gives Q̃ ≡ q̃∗N(x = 1)/L = Q exp
[−χN

(
2φ̄− 1

)
+ Nφ̄

]
.

With this and the Taylor expansion, Eq. (23) gives

βfc,LSCF =
φ̄

2L
(1− 2χ)Nφ̄

∑
x

[
1− φ̃2(x)

]
− φ̄ ln Q̃[iω̃]− φ̄

ln(Gn/n!)

n

+
φ̄

n
ln nS!−N(1− φ̄) ln V (32)

For homopolymer brush in an implicit, good solvent, Eqs. (19) and (28) in Paper II give

βfc,LSCF =
1

2L

N

κ

L∑
x=1

[
1− φ2(x)

]− ln Q [iω]− ln (Gn/n!)

n
(33)

Comparing these two equations, we see that βfc/φ̄ in an explicit solvent corresponds to
βfc in an implicit, good solvent; the last two terms in Eq. (32) correspond to the solvent
entropy.

Our FLMC and LSCF results for brushes in an explicit, good solvent reported
here can therefore be qualitatively understood based on those for brushes in an
implicit, good solvent reported in Paper II. Note, however, that the reference
state used for ∆fc and ∆sc here (i.e., the limit of χ → −∞) is different from
that used in Paper II (i.e., N/κ = 0); for our model system studied in Paper II,
β [fc(N/κ →∞)− fc(N/κ = 0)] = − [sc(N/κ →∞)− sc(N/κ = 0)] /kB = 24.956 for
chains of N = 40.
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B. The maximum of ∆sc,LSCF/kB at χ = 0

At given N and φ̄, sc,LSCF can be obtained from Eqs. (9) and (23) as

sc,LSCF − sid
c

kB

= χNφ̄− 2χ
∑

x

φ2(x)−
∑

x

ln [1− φ(x)] + N(1− φ̄) ln(1− φ̄) + φ̄ ln Q (34)

which gives

d

dχ

(
sc,LSCF − sid

c

kB

)
= φ̄N−

∑
x

[
2φ2(x) +

(
4χφ(x)− 1

1− φ(x)

)
dφ(x)

dχ

]
+ φ̄

d ln Q

dχ
(35)

With δ ln Q
δiω

= −φ(x)/Nφ̄ (i.e., Eqs. (16) and (17)) and Eq. (22), we have

φ̄
d ln Q

dχ
= φ̄

∑
x

δ ln Q

δiω(x)

diω(x)

dχ
=

∑
x

[
− φ(x)

1− φ(x)

dφ(x)

dχ
+ 2φ2(x) + 2χφ(x)

dφ(x)

dχ

]
− φ̄L

(36)
We therefore obtain

d

dχ

(
sc,LSCF − sid

c

kB

)
= −2χ

∑
x

φ(x)
dφ(x)

dχ
(37)

which gives
d

dχ

(
sc,LSCF − sid

c

kB

)∣∣∣∣
χ=0

= 0 (38)

and

d2

dχ2

(
sc,LSCF − sid

c

kB

)∣∣∣∣
χ=0

= −2
∑

x

φ(x)
dφ(x)

dχ

∣∣∣∣∣
χ=0

= − d

dχ

∑
x

[
φ(x)− φ̄

]2

∣∣∣∣∣
χ=0

< 0 (39)

where the last inequality results from the fact that
∑

x

[
φ(x)− φ̄

]2
is a monotonically

increasing function of χ.
(
sc,LSCF − sid

c

)
/kB therefore exhibits a maximum at χ = 0, so

does ∆sc,LSCF/kB.

C. Extrema of − (∆sc,FLMC −∆sc,LSCF) /kB and (〈E〉 − ELSCF) /ρ2
0

From Eqs. (6)∼(9), we have at given n, N and φ̄

sc,FLMC(χ)

kB

= − χ

ρ0

d lnZ
dχ

+
1

ρ0

lnZ (40)
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and 〈E(χ)〉
ρ2

0

=
1

ρ0

d lnZ
dχ

(41)

With Eq. (37) we therefore obtain

d

dχ

[
−sc,FLMC −

(
sc,LSCF − sid

c

)

kB

]
= χ

d

dχ

(〈E〉 − ELSCF

ρ2
0

)

=− χ

ρ0

d2 lnZ
dχ2

+ 2χ
∑

x

φ(x)
dφ(x)

dχ
(42)

which indicates that the extrema of (〈E〉 − ELSCF) /ρ2
0 have the same location as those

of − [
sc,FLMC −

(
sc,LSCF − sid

c

)]
/kB (or equivalently − (∆sc,FLMC −∆sc,LSCF) /kB), and

that the latter has an additional extremum at χ = 0. Furthermore, at the extrema of
(〈E〉 − ELSCF) /ρ2

0,

d2

dχ2

[
−sc,FLMC −

(
sc,LSCF − sid

c

)

kB

]
= χ

d2

dχ2

(〈E〉 − ELSCF

ρ2
0

)
(43)

which indicates that both (〈E〉 − ELSCF) /ρ2
0 and − [

sc,FLMC −
(
sc,LSCF − sid

c

)]
/kB (or

equivalently − (∆sc,FLMC −∆sc,LSCF) /kB) reach either local maximum or local minimum
at χ > 0, but one of them reaches local maximum while the other reaches local minimum
at χ < 0. Due to the lnZ-term involved, however, it is difficult to tell whether these
extrema are local maxima or minima.
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List of Figures

Figure 1.(a) Density of states g(E) estimated by WL-TM simulations for n ≥ 2 and
the exact g(E) for n = 1 obtained by enumeration; (b) the normalized probability
distribution function P (E, χ) at χ = 0 and 1.5 for n = 1 and 16 . Note that g(E) = 0
for odd E and we omit such points, as well as those points at large E where g(E) = 0,
besides, g(E = 0) = 1 for system with different n. L = N = 40 and φ̄A = 0.1 is used here.

Figure 2.(a) Log-log plot of the error per energy level ε and the related error in
the free energy per chain, εf , at χ = 0, 1.0, 1.5 as a function of the number of Monte
Carlo steps of the Transition-Matrix sampling, TM MCS, in our WL-TM simulations of
the single-chain system. L = N = 40 and φ̄ = 0.1 is used here. (b) the difference of free
energy per chain between the WL-TM algorithm and the enumeration for the single-chain
system as a function of χ, where the WL-TM simulation results are obtained at 40× 106

TM MCS. φ̄ = 0.1 is used here. (c) The free energy per chain at χ = 0 and 1.5 for the
multi-chain systems with n = 2 and 16, where the curves are shifted by C0 such that
their value is 0 at 4× 107 TM MCS. L = N = 40 and φ̄ = 0.1 is used here.

Figure 3. (a) Polymer segmental density profiles φ(x) obtained from canonical-
ensemble simulations on the 1D lattice with various n and the corresponding LSCF
predictions at (a) χ = 1. Part (b) shows how the difference in φ(x) between FLMC and
LSCF results, εφ, varies with n, where “k = −1” denotes a straight line of slope −1.
L = N = 40 and φ̄ = 0.1 is used here.

Figure 4. (a) the brush height obtained from LSCF theory, hLSCF and (b) the
difference between the brush height obtained from WL-TM simulations, hFLMC, and
hLSCF as functions of χ. L = N = 40 and φ̄ = 0.1 is used here.

Figure 5. Free-end distributions φs=N(x) obtained from canonical-ensemble sim-
ulations on the 1D lattice with various n and the corresponding LSCF predictions
at (a) χ = 0 and (b) χ = 1. (c) the difference in the mean-square chain end-
to-end distance between FLMC and LSCF results, R2

eFLMC − R2
eLSCF, varies with n,

where “k = −1” denotes a straight line of slope −1. L = N = 40 and φ̄ = 0.1 is used here.

Figure 6. (a) The LSCF predictions of the energy level ELSCF/ρ2
0 and the internal

energy per chain βuc,LSCF as a function of χ. (b) The difference in the ensemble-averaged
energy level 〈E〉 /ρ2

0 between WL-TM and LSCF results. (c) Fluctuations of local
segmental densities around their average in canonical-ensemble simulations, ∆φ1, where
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“k = −1” denotes a straight line of slope −1 obtained from the unweighed least-squares
fit using the data points at χ = 0 with n = 8 and 16. (d) The difference between the
square of the ensemble-averaged density profile in canonical-ensemble simulations and
the corresponding LSCF prediction, ∆φ2, where “k = −1” denotes a straight line of
slope −1. (e) The difference in the internal energy per chain between WL-TM and LSCF
results, β(uc,FLMC − uc,LSCF). L = N = 40 and φ̄ = 0.1 is used here.

Figure 7. (a) WL-TM simulations of the fluctuations of energy level
(〈E2〉 − 〈E〉2) /ρ4

0 as
a function of χ for different n, both its LSCF prediction is 0. (b) The canonical-ensemble
averaged

(〈E2〉 − 〈E〉2) /ρ4
0 as a function of n, where “k = −1” denotes a straight line of

slope −1. L = N = 40 and φ̄ = 0.1 is used here.

Figure 8. (a) LSCF predictions of the difference in free energy per chain, β∆fc,
and that in entropy per chain, ∆sc/kB, from the ideal reference state in the limit of
χ → −∞. (b) The difference in free energy per chain between WL-TM and LSCF
results, β(∆fc,FLMC − ∆fc,LSCF), as a function of χ. (c) β(∆fc,FLMC − ∆fc,LSCF) as a
function of n, where “k = −1” denotes a straight line of slope −1 obtained from the
unweighed least-squares fit using the data points at χ = 0. (d) The difference in entropy
per chain between WL-TM and LSCF results, (∆sc,FLMC −∆sc,LSCF)/kB as a function of
χ. (e) (∆sc,FLMC −∆sc,LSCF)/kB as a function of n.

Figure 9. The difference in polymer segmental density profile between brushes in
an implicit and an explicit solvent, ∆φ, as a function of φ̄ for N = 40 obtained from
LSCF calculations; see text for details.
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